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Bundle 



There was a song called PPAP 



Pen Pineapple Apple Pen
Bundled modalities in logic:

Packing things together as one modality! 
Especially a quantifier and a modality

PPAP (Pen Pineapple Apple Pen)



Quantified Predicate Logic

, ∀x∀y(x + y = y + x) ∀x∃y(x + y = 0)
∃x∀y¬(y ∈ x)

∀x∃y∀z(z ∈ y ↔ ∀w(w ∈ z → w ∈ x))

Typically     

quantifies, variables, predicate, equality and function symbols 



What should a modal logic guy give to his fiancée? 

 (Box):  necessity, obligation, forever, knowledge …□
 (Diamond)：possibity, permission, sometimes ...◊

Modal Logic

A Diamond in a Box!



 , ,   
  ,  
□ A → A □ A → □ □ A □ A → ◊A

¬ □ A → □ ¬ □ A ◊ □ A → □ ◊A

Concepts of meta-language brought into objective language

Typically     

 (Box):  necessity, obligation, forever …□
 (Diamond)：possibity, permission, sometimes ...◊

Modal Logic



  

 

   

□ A → A ∀x(xRx)

□ A → □ □ A ∀x∀y∀z(xRy ∧ yRz → xRz)

A → □ ◊A ∀x∀y(xRy → yRx)

Correspondence between 
Philo and Math  properties

Do quantifiers and modalities come together often?



Carnap  

Any       
           
       
       
    

Modal Logic ≠ Propositional ML
Quantifiers（ ）and modalities（ ）
are equally important

∀∃ □ ◊





Modal Logic ≠ Propositional ML



In contrast with what Carnap thought 
the history of ML went the other way around

Quantified modal logic seemed to have lots of “problems”

At the same time, research on Prop ML went too 
well, in particular, balancing expressiveness vs. 
complexity.

sub       

However,            

Modal Logic ≠ Propositional ML



Modal Logic ≠ Propositional ML

Bundled      
       
conceptually  

Recent      
     



The pre-history of bundled modalities   
(in a broader sense)



Bundles in existing logics

CTL
ATL

NCL

MNL
MEL

Polyadic ML

WAL
…



Non-contingency logic

φ ::= ⊤ ∣ p ∣ ¬φ ∣ (φ ∧ φ) ∣ Δφ

 semanticallyΔφ := □ φ ∨ □ ¬φ

knowing whether, provably decidable… 



Computation Tree Logic（CTL）

: there is a path on which  holds foreverEGφ φ

φ ::= ⊤ ∣ p ∣ ¬φ ∣ φ ∧ φ ∣ EXφ ∣ EGφ ∣ E(φUφ)

EFφ is defined by E(⊤Uφ) but EGφ cannot be defined by E(⋅U⋅)



Alternating-time Temporal  Logic
（ATL）

: there exists a strategy for 
group A such that A can force  forever, 

no matter what others do

⟨⟨A⟩⟩Gφ
φ

φ ::= ⊤ ∣ p ∣ ¬φ ∣ (φ ∧ φ) ∣ ⟨⟨A⟩⟩Xφ ∣ ⟨⟨A⟩⟩Gφ ∣ ⟨⟨A⟩⟩(φUφ)



Multi-agent Epistemic Logic

: someone in G knows  ( )SGφ φ ∃x ∈ G Kxφ

φ ::= ⊤ ∣ p ∣ ¬φ ∣ (φ ∧ φ) ∣ Kaϕ ∣ SGϕ ∣ EGϕ

Or simply  if there are finitely many agents⋁
i∈G

Kiφ



Monotonic Neighborhood Semantics

φ ::= ⊤ ∣ p ∣ ¬φ ∣ (φ ∧ φ) ∣ □ ϕ

: there is a neighborhood X, such that 
all worlds in X satisfy 
□ φ

φ
Coalition logic, Evidence logic…



Polyadic Modal Logic

φ ::= ⊤ ∣ p ∣ ¬φ ∣ (φ ∧ φ) ∣ ◊(φ, . . , φ)

: there are  such that 
 and each 

◊(φ1, . . , φn) w1, . . . wn

Rww1, . . . wn wi satisfies φi

Weakly Aggregative Logic φi = φ1



Even Propositional  Modal Logic

φ ::= ⊤ ∣ p ∣ ¬φ ∣ (φ ∧ φ) ∣ □ φ

A normal modality can be viewed as a 
bundle in FOL □ φ := ∀y(xRy → φt)

Guarded fragments and so on…



Modal syllogisms

φ ::= All(t, t) ∣ Some(t, t)

Can be viewed as bundles in FOML e.g.，
Some(A, ¬ □ B) := ∃x(Ax ∧ ¬ □ Bx)

t ::= A ∣ ¬t ∣ □ t



Bundles are everywhere… 

In many cases, the language with bundles 
can be viewed as fragments of a larger 
language.



φ ∧ □φ

□ ◊φ

¬φ ∧ □φ
□a φ ∧ ¬ □b φ

φ → □ φ

φ ∧ ¬ □ φ

□a φ ∧ □b ¬φ

……

You can play with it… E.g.

There are also 
general theories



In the past decade, we have been 
playing with specific bundles packing 
a quantifier and a modality together 

Intentionally use them as 
conceptual and technical tools 

Discover various hidden ones



But     
  
 

May    
    
 



Sometimes   

diving  



We will be looking at some examples

Each topic can be a separate course but we will 
focus on the core ideas behind techniques

Epistemics Logic of Know-wh 
Intuitionistic and Intermediate Logics 

Deontic Logic 
Bundled Fragments of First-order Modal Logic



Epistemic Logic
traditionally focuses on know-that

Know that    =   rule out  epistemic possibilities A ¬A
 

  
 

,  

K(A → B) → (KA → KB)
KA → A

(KA ∧ KB) → K(A ∧ B)

KA → KKA ¬KA → K¬KA



Epistemic Logic

Know how/why/what/who/when …

How to do epistemic reasoning  
about Know-wh (know+embedded question)? 

Beyond “knowing that”



Linguist: 
know        
 

：there is a method，I know that it can guarantee A …□ A

(□A ∧ □B) → □ (A ∧ B)

：knows    □ A
Neighborhood 



    (de re) vs.  (de dicto)∃x □ □∃x
  ∃□



  hidden bundles
know how/why/what/who…

Not just mention-some 
but also mention-all 
and much more 

E.g., knowing who came to the party 

for each relevant person, I know 
whether she/he came to the party

Check SEP entry on EL for a survey

Kv, Kh, Ky, Kwho… 

∃x □

∀x(□A(x) ∨ □ ¬A(x))



  hidden bundles
know how/why/what/who…

wangyanjing.com/pubtype/bkt/   

Kv, Kh, Ky, Kwho… 

KhA := ∃σK[⟨σ⟩]A



Bundles as glasses



∃, ∀

□ , ◊
Pxy

≈

Capture a concept as a whole

Khφ → KKhφ

KhKhφ → Khφ

KKhφ → KhKφ

Kφ → Khφ



Rich model Simple language 

Typical difficulties 

Hard to axiomatized !

We will use logic of know-value to 
demonstrate the techniques



It is just the 
beginning…



 Discover other  
 deeply hidden bundles

∃□



Intuitionistic logic and its relatives

Non-classical logic



 Non-classical logics 

The apparent non-classicality often 
came from the deep bundle structure 

Making implicit explicit  
as van Benthem remarked 



Intuitionistic Logic

Can we do better and give an 
intuitive semantics which really 
match the BHK-interpretation? 

A ∨ ¬A We have various mathematical 
“semantics’’ to fit it

A proof of 𝑃𝑄𝑎𝑏𝑎𝑃𝑏𝑄

A proof of 𝑃𝑄𝑓𝑃𝑄



Intuitionistic Logic

It is not that obvious! 

We do need deep thoughts 
and techniques! 

∃x □





Intuitionistic logic

Intuitionistic truth of A 
Knowing how to prove A 

 + formalized BHK∃□



Intuitionistic Logic

To satisfy the intuitionistic 
demands, the assertion must be 
the realization of the expectation 
expressed by the proposition p.  
Here, then, is the Brouwerian 
assertion of p: It is known how to 
prove p. We will denote this by ⊢ 
p. The words “to prove” must be 
taken in the sense of “to prove 
by construction”  
                             — Heyting 1930



Intuitionistic Logic

Intuitionistic truth of A 
Knowing how to prove A

A ∨ ¬A : KhA ∨ Kh(A → ⊥ )



Inquisitive logic
Intermediate logics

dynamic 
epistemic logic 

of knowing 

how  is trueα

state/team s supports α

ℳs satisfi



Deontic Logic

Obligation (O), Permission (P), Forbidden（F）

OA → PA OA ↔ ¬P¬A

¬PA → FA

Lots of interesting puzzles!



P(A ∨ B) → (PA ∧ PB)

P = ◊, O = □ ?

What would a quantifi


PA → P(A ∨ B)

A is permitted iff




P(A ∨ (B ∧ C)) → P((A ∨ B) ∧ (A ∨ C))

predict new linguistic phenomena!

+BHK∀◊

∀x ∈ token(α)◊(x is realized )



Staying above the water and using 
math tools to ‘fit’ the data? 

or go deep into the water to try to 
understand why it behaves like that!

Bundled modalities give you  
a pair of good goggles!

‘weird’ data in 
logic w.r.t. NL

□∃

deep understanding



We can look at them  
in first-order modal setting.

Can we build a more abstract logical  
foundation for these bundles? 



Hard to find decidable fragments, even only 
with two variables and unary predicates… 
monodic fragment: only allow one  in  x □

First-order modal logic 

 φ ::= P ⃗x ∣ ¬φ ∣ (φ ∧ φ) ∣ ∃xφ ∣ □ φ



 φ ::= P ⃗x ∣ ¬φ ∣ (φ ∧ φ) ∣ ∃x□ φ
decidable (PSPACE), finite tree model 
property, natural characterization… 

No restriction on number of variables, arity 
of predicates, and how many x occur in   □

Bundled fragments  
of first-order modal logic, e.g.



More bundles

∃□

∀□

□∃

□∀

∃◊

∀◊
◊∀

◊∃

EB

BA

BE

AB

+ □ ∀ ABBA…∀□



An (almost) complete picture

Repeat the secret of 
propositional modal logic:  

restricting the power of 
quantifiers, but using modalities



We focus on bundles packing a quantifier and a modality together 

They occur implicitly in logical structure underneath natural language 
expressions 

They may reveal hidden structure which can explain the behaviors of 
non-classical logics and non-normal modal logic 

Bundles often make computation cheaper (as sweet spots) 

Hope to promote more research on (fragments of) quantified modal logic 

Summary:



Plan: 

Epistemic logic of logic-wh and basic techniques (logics of 
know-value as a minimal example) 

Epistemic interpretation of intermediate logic based on bundles 

Bundled approach to deontic logic 

Bundled fragments of FOML 

Now you know that bundles are useful. 

The next days: let you know how and why 



∃□

∀◊

∀□

□∃

Bundles are often good deals!

Keep looking the hidden ones !
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⊤
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