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Prehistory



The usual disclaimer in textbooks on modal logic

Modal logic was discussed by several ancient authors, no-
tably Aristotle, and also by medieval logicians; their work,
however, lies outside the scope of this book.

—Cresswell and Hughes: A new introduction to modal logic



Aristotle’s modal syllogisms

Chapters 3 and 8-22 of the first book of the Prior Analytics.

Natural extension of the syllogistic language:

= Quantity: all, some

= Quality: affirmative (is), negative (not)

Modes: null (X), necessary (L), possible (M), contingent (C)

16 types of sentences



Quantifiers meet modalities: Aristotle’s syllogisms

Standard syllogisms: All A is B (AaB), No A is B (AeB), Some A
is B (AiB), Some A is not B (AoB): e.g., Barbara, Celarent....

Adding modalities (modes): necessity, possibility, contingency, null.
For example: Barbara LXL is considered valid by Aristotle:
All B is necessarily A All Cis B
All Cis necessarily A

How to read: The statement “All B is A" is necessary. vs. All the

B-things are necessarily A.

OVx(B(x) = A(x))  Vx(C(x) = B(x))
OVx(C(x) = A(x))

De dicto reading

Vx(B(x) — OA(x)) Vx(C(x) — B(x))
Vx(C(x) — OA(x))

De re reading



de re vs. de dicto

From the above example, it seems Aristotle advocates the de re
reading.

However, his acceptance of some other conversion rules

Some B is necessarily A

Some A is necessarily B

suggests de dicto reading:

De dicto reading

De re reading



“Aristotle’s modal syllogistic is almost incomprehensible because of
its many faults and inconsistencies”.

—tukasiewicz

There is a body of work trying to propose other interpretations or
impose further philosophical conditions to make sense of Aristotle’s
original modal syllogistic, e.g., [Rini 2011], [Malink 2013] as some
recent examples.



Beyond historical interest: natural logic

Modal syllogisms are natural and abundant.
In the epistemic setting:

= Some flight from Beijing is to Amsterdam,
» All flights to Amsterdam are known to have been canceled,
= therefore: Some flight from Beijing is known to have been

canceled.
In the deontic setting:

= All college students are adults,
= All adults are permitted to drink beers,
= therefore: All college students are permitted to drink beers.

It brings us to the program of Natural Logic, e.g. Moss (2011).
Use formal languages that are close to the expressions in natural

language and discuss their logics. 8



Beyond historical interest: the bundled perspective

Modal syllogisms involving both quantifiers and modalities

co-occurring according to certain patterns.

The languages of modal syllogistic are also fragments of first-order
modal logic (with only one variable). E.g., de re reading of All A
are necessarily B is formalized as Vx(Ax — [0Bx), which can be
viewed as a conditional version of the bundle Vx[J to be discussed

in the later parts of the course.



Multi-agent Syllogistic with Nested Knowledge [Li & Wang 23]

Given a countable set of predicates U and a set of agents /, the
language LNES is defined by the following grammar:

¢ = All(g, g) | Some(g,g), g:=A|Kig|—g
Where Ac Uand i€ I
“Something that is A is also known by i to be B": Some(A, KB).
“Everything i knows to be A, j also knows it": All(KiA, KjA).
“Everything i knows that j knows to be A is also considered
possible to be B by i": All(KiKjA, =Ki—B).

The semantics is based on first-order Kripke model, as the
language is essentially a fragment of first-order modal logic (with a
single variable). We give sound and complete proof systems for

such logics (the proofs are not easy).
10



ALL men by nature desire to know. An indication of this
is the delight we take in our senses; for even apart from
their usefulness they are loved for themselves;, and above
all others the sense of sight. For not only with a view to
action, but even when we are not going to do anything,
we prefer seeing (one might say) to everything else. The
reason is that this, most of all the senses, makes us know
and brings to light many differences between things.

—Aristotle Metaphysics

Curiosity drives the civilization further.

11



Aristotle: knowing the premises without knowing the conclu-

sion

In Aristotle's example, a person knows:

= Every mule is sterile.
= This animal is a mule.

Yet the person may think that this animal is pregnant!

Aristotle’s explanation: the person has not considered the two
premises together.

Possessing knowledge and exercising it are different.
Kix(Mx — Sx) A KM(c) ==  KS(c)

M: mule; S: sterile. A modern question about logical omniscience.

Aristotle, Prior Analytics 11.21.
12


https://classics.mit.edu/Aristotle/prior.mb.txt

istotle: knowing and recognizing

The approaching or masked man:

= You know Coriscus.
= You do not recognize the man approaching you.

= The approaching man is Coriscus.

Do you therefore both know and not know the same person?
Aristotle discusses this puzzle under fallacies involving accident.

Modern connection: knowing a person, identifying someone, and

substitution in knowledge reports.

Aristotle, Sophistical Refutations 24.
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https://classics.mit.edu/Aristotle/sophist_refut.3.3.html

istotle: knowing that and knowing why

Posterior Analytics distinguishes knowing the fact from knowing its

explanation.

In Aristotle’'s astronomical example:

= From planets’ not twinkling, infer that they are near.

= Their nearness explains why they do not twinkle.

The direction of explanation matters, even when an inference can

run in both directions.

Demonstrative knowledge requires true premises that explain the

conclusion.
Aristotle, Posterior Analytics 1.2, 71b9-33; 1.13, 78a22-78b4.

14


https://classics.mit.edu/Aristotle/posterior.1.i.html

Later middle ages

Boh (2000) distinguishes four phases:

= Epistemic modes: knowing, believing, doubting,
understanding...

= Demonstrative knowledge of necessary propositions.
= Conditions for knowing contingent propositions.

= General rules of epistemic consequence.
These concerns overlap in time.

Boh (1993), Introduction, pp. xiii—xiv; Boh (2000), pp. 129-130, 135.

15



Epistemic modes

Ockham extends modal syllogistic to known, unknown, and other

modes. His example:

= Socrates is known by me to be a man.
= Socrates is white.

= Therefore, some white thing is known by me to be a man.

It does not follow that some man is known by me to be white: |

may not know that Socrates is white.
KM(s) A W(s) [= 3x(Wx A KMXx).
The position of the epistemic modality matters.

Boh (2000), pp. 131-133, discussing Ockham’s Summa Logicae.

16



Knowing that someone is hardworking

De re vs. De dicto

= | know that some student is hardworking.

= Must there be a particular student whom | know to be
hardworking?

K3x H(x) £ Ix KH(x).
Domain: students; H(x): x is hardworking.

Two students, a and b: | know exactly one is hardworking, but
either could be the hardworking one.

Knowing that a witness exists need not identify a witness.

Boh (1993), Introduction, pp. ix—x.
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One person, two names

Problem of identification:

= “Mark” and “Tully” name the same person, Cicero.
= You know that Mark is running.

= You do not know that Tully is Mark.
Do you know that Tully is running?

Knowledge reports may depend on how a person is presented. This
differs from simply recognizing someone in front of you.

A modelling question: how should epistemic logic represent names?

Boh (1993), Introduction, p. ix.
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Known premises, unnoticed consequences

Pseudo-Scotus: knowledge entails truth, Kp — p.
If pA g = r then Kp A Kq |= r. Must someone also know r?
1. Different people may know the premises.

2. The same person may not know the inference is valid.

3. Even knowing its validity, the person may fail to notice its

consequence.

The third objection concerns attention and actual reasoning, as in

Aristotle’s mule example.

Boh (2000), p. 134, discussing Pseudo-Scotus.
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True belief by accident: Gettier-like scenarios

A proposed definition: knowing is firm true belief. Your belief is
firm and true. Do you know?

Peter of Mantua uses the case against the definition.

= You see Plato running and mistake him for Socrates.
= You firmly believe that Socrates is running.

= Socrates is actually running too, though unknown to you.

Boh (2000), pp. 135-136, 141-142.
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Knowing a sentence is true

A trustworthy scholar points to a Greek sentence and tells you:
“That sentence is true.”

= You trust the scholar.

= You do not understand Greek.

You may know that the sentence is true without knowing what it

says.

Knowledge about an expression and knowledge of its content place
different demands on the subject.

What does Kp assume about understanding?
Boh (2000), pp. 136-137, 140.
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Epistemic rules of consequence

Strode’s rules, with their qualifications (modern notation):

Let x say that the inference from p to q is sound and formal.

R13: Kox A K.p— Kaq,
R14: Kyx A D.g— (D.pV Ki,—p),
R23: Kox A Usp— Uag.

D,: doubt; U,: understanding.

Paul of Pergula stresses the same subject and knowledge of the
inference through one’s own understanding.

Boh (2000), pp. 137-140.
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Medieval proposals in modern notation

Principles collected across authors and senses of knowledge (Boh
1993):

» Ka(p— q) A Kap — Kag

= Kyp— True("p)

» Kap—p

» Kap = KaKap

= Bsp— BiBap

» Kap— Bap

» Dap <> (=Kap A =Ka=p)

» Kap = pABap A JaBap
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Recommended readings

= Ivan Boh (1993), Epistemic Logic in the Later Middle Ages.
Routledge.

= Ivan Boh (2000), Four Phases of Medieval Epistemic Logic.
Theoria 66: 129-144.
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https://doi.org/10.1111/j.1755-2567.2000.tb01159.x
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Hintikka’'s foundational
contributions



Hintikka (1962)’s foundational contributions

= motivation: logical consistency

= following von Wright's modal take on epistemic logic
= semantics for epistemic logic:
= a single consistent set is not enough for epistemic possibility
= knowing that p when —p is not an epistemic alternative
= alternative relations are reflexive and transitive (for knowledge,
S4), serial and transitive (for belief, KD4)

= from agent-less to agent-dependent knowledge

= clarify or solve philosophy problems: e.g., Moore's paradox
= discussions on issues about the rules and axioms

= both know-that and know-wh

Philosophers were not very happy about this semantic approach,
and rules are doubtful: e.g., logical omniscience, moreover, it is not

directly relevant to the JTB approach.
26



Beyond “knowing that”: Hintikka’s early work

“knowing who" was discussed by Hintikka (1962) in terms of
first-order modal logic: IxK(Mary =~ x), i.e., knowing the answer of
the embedded question.

Hintikka used epistemic logic to understand questions. E.g,
consider the question @ : “Who murdered Mary?"

= The presupposition of Q is K3xM(x, Mary).

= The desideratum of Q is IxKM(x, Mary) .

= One possible answer to Q is M(John, Mary).

= Conclusiveness of the answer requires IxK(John ~ x).

= Conclusive answers realize the desideratum (K3x to 3xK).

However, Hintikka's work on know-wh is largely forgotten
nowadays.

27



Know-wh inspired Hintikka to go further

= This interest in the relationship between questions and
knowledge also led Hintikka to the pursuit of a Socratic
epistemology that weighs knowledge acquisition more
importantly than knowledge justification.

= The attempt to avoid quantifying higher-order entities in
formalizing sentences like “I know whom every young mother
should trust” leads Hintikka to the core idea of /ndependent
Friendly Logic (from 3fKVx(M(x) — T(x, f(x))) to
Kx(3y/K) (M(x) = T(x,))).

28



Jaakko Hintikka: Jan. 12, 1929 - Aug. 12, 2015

FO distributive normal form, Hintikka sets, semantics for modal logic,
epistemic logic, Game semantics, interrogative model of inquiry, IF logic

Math, Logic, Philosophy, Linguistics, History...
Be Independent and Friendly

29



Early contributions by others




Aumann (1976)’s early contributions

= motivation: information in games

= Independent from the field of logic

= state space with partitions w.r.t. different players

= no logical language: an event is a subset of the space

= knowledge as an operator on events: K;(E) = {s| Pi(s) C E}

= defining a notion of common knowledge which can be
computed w.r.t. finite state space.

= use the notion to show it is not possible to “agree to disagree”
given common prior (probabilistic distribution of the states).
Aumann structures correspond with S5 models, (if we ignore the
probability distribution).
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McCarthy (1978)’s early contribution

= motivation: who knows what is important in Al
= puzzle collector/maker: muddy children (unfaithful wives),
sum and product, the hardest logic puzzle ever

flexibility: useful logics instead of the ‘correct one’

= “any fool knows" operator O (common knowledge)
Basic axioms (1978):

» Kap—p

= O(Kap— p)

= O(Op — OK,p)

= O(Kap A Ka(p — q) — Kaq)

» optional: O(K,p — KyK,p)

= optional: O(=K,p — K, Kap)

31



Puzzle: Sum and Product (wiki)

X and Y are two different natural numbers greater than 1. Their
sum is not greater than 100, and Y is greater than X. S and P are
two mathematicians (and consequently perfect logicians); S knows
the sum X+ Y and P knows the product X x Y. Both S and P
know all the information in this paragraph.

The following conversation occurs:
= S says “P does not know X and Y"

= P says “Now | know X and Y."

= S says “Now | also know X and Y."
What are X and Y?
Inspired works by Xiwen Ma and Weide Guo, and Jan Plaza.

32



Early contributions by Joe Halpern and Moses (1984, 1990)

= motivation: information in communicating distributed systems
= from agents to processors

= combination of time and knowledge

= dealing with logical omniscience

= constructive knowledge based on local states: interpreted
systems

= study the computational aspects of epistemic logic

= show that certain coordination is not possible due to lack of
common knowledge.

33



Conference series of TARK

= Halpern’s initiation
= Bi-annal conference series on theoretical aspects of rationality

and knowledge since 1986

= The 1986 conference brought computer scientists, philosopher,
economists together: Aumann, Hintikka, McCarthy, Stalnaker,
Halpern, Vardi, Moses, Fagin, Dwok, Smullyan, Moore, Asher,
Kamp, Levesque, Immerman, Plotkin, Ladner, Fischer....

= Major interdisciplinary venue for epistemic /probabilistic
reasoning in Philosophy, Al, CS, Economics, Linguistics ...

= http://www.tark.org/

34


http://www.tark.org/
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